Part II: Ultimate Strength
Design
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Figure 5.1 Typical load-deflection curve of a prestressed concrete beam (underreinforced, with
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Figure 4.40 Prestressing steel stress at various load levels. Source: Nawy (2000)
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Prestressing Steel Stress

The prestressing steel stress increases as the load increases

Cracking of beam causes a jump in stress as additional tension force is
transferred from concrete (now cracked) to prestressing steel

At ultimate of prestressed concrete beam, the stress in steel is
somewhere between yield strength f, and ultimate strength f,,

Stress is lower for unbonded tendon because stress is distributed
throughout the length of the beam instead of just one section as in the
case of bonded tendon

At ultimate, the effect of prestressing is lost and the section behaves just
like an RC beam
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Prestress Force at Ultimate

Prestress force 4

Y fpu

disappears as the g
prestressing steel goes
into the inelastic range

Py B

Section behaves as an
RC section having
prestress steel as
reinforcement

Stress in Prestressing Steel
>

D

0, ¢

B Epy |

Non-recoverable
plastic strain
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-
Eps
Strain in Prestressing Steel

Source: Naaman (2004)
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Cracking Moment
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Cracking Moment

Concrete cracks when bottom fiber reaches the tensile

capacity (modulus of rupture)

f.=-0.63 (f)% MPa (5.4.2.6)

Tension -4—=— Compression
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~—_

Source: Naaman (2004)
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Cracking Moment

The moment at this stage is called “cracking moment” which

depends on the geometry of the section and prestressing
force

F Fe, M, F e, | M,
0, =—+ =—1-2|-=2 =

f
A Z, Z, A k, z, '

Solve the above equation to get M,

M, =F(e,—k)-fZ

r=»nb

Note: Need to input f, and k, as negative values !!!
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Ultimate Moment Capacity
of T-Section
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Failure Types

This is similar to RC

Fracture of steel after concrete cracking.

o This is a sudden failure and occurred because the beam has too little
reinforcement

Crushing of concrete after some yielding of steel.
o This is called tension-controlled.
Crushing of concrete before yielding of steel.

o This is a brittle failure due to too much reinforcement. It is called
overreinforced or compression-controlled.
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Failure Types
A
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Source: Naaman (2004)

Figure 5.5 Typical change in load-deflection curve with an increase in the amount of
reinforcement. ©2010 | Praveen Chompreda 123




Analysis for Ultimate Moment Capacity

= Design Criteria

@M, > M,
Resistance /
Factor Nominal Moment
Capacity
= Analysis assumptions

o Plane section remains plane after bending (linear strain distribution)

Moment due to
Factored Load

Perfect bond between steel and concrete (strain compatibility)
Concrete fails when the strain is equal to 0.003
Tensile strength of concrete is neglected at ultimate

0O 0O 0o O

Use rectangular stress block to approximate concrete stress
distribution in the compression zone
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Analysis for Ultimate Moment Capacity

» Recall from RC Design that the followings must be satisfy at
all times, no matter what happens:

o EQUILIBRIUM OF FORCES

o STRAIN COMPATIBILITY

= They also hold in Prestressed Concrete!
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‘ Equilibrium - Forces

= For equilibrium, there are commonly 4 forces
o Compression in concrete
o Compression in Nonprestressed reinforcement
o Tension in Nonprestressed reinforcement
o Tension in Prestressed reinforcement

= For concrete compression, we still use the ACI’s rectangular
stress block
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‘ Equilibrium — Conerete Forces

0.85¢) 0851 a

= For concrete compression,
we still use the ACI’s
rectangular stress block

Figure 4.44 Stress and strain distribution across beam depth. (a) Beam cross section. (b) Strains. (¢) Actual stress block. (d) Assumed
equivalent stress block.

Source: Nawy (2000). 127




Equilibrium — Concrete Forces

0.85 f' <28 MPa
fr—28

B, = 0.85—0.05( j 28<f', <56 MPa 0

B, equals to 0.85 for f’. < 28 MPa

It decreases 0.05 for every 7 MPa increase in f’,

until it reaches 0.65 at f’, > 56 MPa °
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=\
0.65 f', >56 MPa wf S

Concrate strength (kal)

Fig. 4-13
Values of e, 8 from tests of
concrete prisms.

Source: MacGregor and Wight (2005).

Equilibrium — Nonprestressed Steel Forces

For tension and compression in nonprestressed reinforcement,
we follow the same procedure as in RC design:

o Assume that the steel yield first; i.e.
T, =Af, or C = A'f)

o Check the strain in reinforcement to see if they actually yield or not, if
not, calculate the stress based on the strain at that level & revise the
analysis
to find new value of neutral axis depth, ¢
T.=Af, =AEgE = AE, - 0.003(c-d)/c

© 2010 | Praveen Chompreda 129

Equilibrium — Prestressed Steel Forces

For tension in prestressing y
steel, we observe that we
cannot assume the behavior of
prestressing steel (which is oy
high strength steel) to be
elastic-perfectly plastic as in
the case of steel
reinforcement in RC

fps

STRESS

Prestressing Steel

Reinforcing Steel
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STRAIN

Source: Naaman (2004)
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Equilibrium — Prestressed Steel Forces

At ultimate of prestressed concrete beam, the stress in steel is clearly not
the yield strength but somewhere between yield strength f, and ultimate
strength f,,

We called it f,

The true value of stress is difficult to calculate (generally requires nonlinear
moment-curvature analysis) so we generally estimate it using semi-empirical
formula

o ACI - Bonded Tendon or Unbonded Tendon

o AASHTO - Bonded Tendon or Unbonded Tendon
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Ultimate Stress in Steel: /,,

AASHTO LRFD Specifications
For Bonded tendon only (5.7.3.1.1) and for f,. > 0.5f,,

Table C5.7.3.1.1-1 - Values of k

fo=f [1-kZ
ps ~ 'pu d Type of Tendon /o Value of k
\ P Low relaxation strand 0.80 0.28
f Stress-relieved strand 0.85 0.38
_ __ by and Type 1 high-

k= 2 1 04 f strength bar

pu Type 2 high-strength 0.80 0.48
bar

Source: AASHTO (2000)

o Note: for preliminary design, we may conservatively assume f,=f,,
(5.7.3.3.1)

For Unbonded tendon, see 5.7.3.1.2

© 2010 | Praveen Chompreda 132

Strain Compatibility

Notes on Strain Compatibility

The strain in top of concrete at ultimate is 0.003

We can use similar triangle to find the strains in or

at any levels from the top strain
We need to add the (occurred before
casting of concrete in pretensioned or before grouting in posttensioned)
to the strain in concrete at that level to get the true strain of the
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Maximum & Minimum Reinforcement

Maximum Reinforcement (5.7.3.3.1)
o The maximum of nonprestressed and prestressed reinforcement shall be

Resistance Factor ¢

such that ¢/d, < 0.42 to prevent compression failures

0 c/d, = ratio between neutral axis depth (c) and the centroid depth of the

tensile force (d,)

Minimum Reinforcement (5.7.3.3.2)

o The minimum of nonprestressed and prestressed reinforcement shall be
such that

oM, > 1.2M_, (M_, = cracking moment), or
@M, > 1.33M, (M, from Strength Load Combinations)
o This is to prevent abrupt failure immediately after cracking
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Resistance Factor, @
Section Type RC and PPC w/ | PPC with 0.5< PC
PPR < 0.5 PPR < | (PPR = 1.0)
Under-Reinforced Section 0.90 0.90 1.00
c/d, < 0.42
Over-Reinforced Section Not Permitted 0.70 0.70
c/d,> 0.42

Note: if c/d, > 0.42 the member is now considered a compression member
and different resistance factor applies (see 5.5.4.2)

AASHTO does not permit the use of over-reinforced RC (defined as sections
with PPR < 0.5) sections
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Ultimate Moment Capacity
of T-Section
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Rectangular vs. T-Section

= Most prestressed concrete beams are
either |-Shaped or T-shaped (rarely
rectangular) so they have larger
compression flange

= If the neutral axis is in the flange, we
called it rectangular section behavior. But
if the neutral axis is below the flange of
the section, we call it T-section behavior

= This has nothing to do with the overall
shape of the section !!!

us4B Source: Nawy (2000)
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Rectangular vs. T-Section

Rectangular-section T-section
behavior behavior

Source: Naaman (2004)

I'm If it is a T-Section behavior, there are now two value of widths, namely b (for the
top flange), and b, (web width)
»  We need to consider nonuniform width of rectangular stress block
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Rectangular vs. T-Section

Assume rectangular
section behavior

[&mpute c|
- Resection --’/i'ﬁ"“% T-section
assumption is «——_ ¢c>h,? > havi
correct No —_ — Yes bel ?_V'Gr
[ v

s ) Re-compute ¢ as
‘—’k_ ??.nznue Y] for T-section

Source: Naaman (2004)

Figure 5.20 Steps to follow prior to considering T-section behavior.

= We generally assume that the section is rectangular first and check if the
neutral axis depth (c) is above or below the flange thickness, h;

u ACI method checks a=8,c with h, which may give slightly different result
when a < h¢but ¢ > h,
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T-Section Analysis

We divide the compression side into 2 parts

a Overhanging portion of flange (width = b-b,)
o Web part (width =b,)

OVERHANGING PORTION
T-SECTION BEHAVIOR OF FLANGE WEB
b (b-b,) b, 085 cbya
- ! I
| | . —_—— R —
g s I\ W ) s e c{ =T
dy —— g h s
p d,—-L a
= p=3) + (A -2)
Aps Apf pr
~~~~~ - - Ty—t-—={@ - T

Source: Naaman (2004)
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T-Section Analysis

From equilibrium

0.85f" b, B,c+0.85f" (b—b,)Bh = A f. +Af —A'f,’

sy sy

For preliminary analysis, or first iteration, we may assume f;s = f;,y
and solve for ¢

__Af + AL - AT, 085( (b-b,)Bh
0.85f"_ b, B,
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T-Section Analysis

For a more detailed approach, we recall the equilibrium
0.85f" b, B,c+0.85f" (b—b,)B;h, = A f,. + Af, —A'f,’

Substitute f =f [1 — kiJ , Rearrange and solve for ¢
ps pu dp
A +Af —A'f,'~0.85f' (b-b,)Bh,
0.85f' b,B,+ kA f. Id,

C =

psf pu
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T-Section Analysis

Moment Capacity (about a/2)

a a e 4o @
Mn :Apsfps (dp _Ej-'_ASfy (ds —EJ—AS fy (ds —E]

10.85f' (b—b,)B.h, (g _ %j
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T-Section Analysis Flowchart - AASHTO

Get fps and ¢ from
strain compatibility
analysis

Given materials and
sectional properties

| k=2(1.04~ £,/ fou) ‘

= Ap.\-fpu + A.\-fy - A.’e |f}|
0.85 1P+ kAp [/ d)y

Flanged section?

If ¢<3dy,
assume A =0 and repeat

Rectangular section
(or R-section behavior):
b, =b

computation of ¢

o ArsSput Aty ~ 4 |£3|-0857:61(b—by,)hs

0.85f.51b,, -i-kAm.fpu fdp
| fpv = fpn (l 'k("fdp) I"— Source: Naaman (2004)
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T-Section Analysis Flowchart
'

Ay fpsdy + Agfydy
Apsfps + A.:fy

v

d,

e

| Compute: a= fic and c/d,
$=1for PC; ¢=0.9 for RC
¢=0.9 for PPC

]

OM,, = Pl A fps(d, —al2)+
Afy(dg—al2)- 4 |f;,|(d; —al2)+

Over-reinforced section is not
recommended unless it is shown by test
or analysis that performance will not
be impaired 0.858 fi(b=by)hsla—hy)/2]

BT 2

oM, = 91 1/b,d2(0.36/, — 0.0857)  For rectangular section: b, =b

+0.85B, (b~ by )hs(de —0.5h 1)) * If ¢<3d, assume: 4; =0
* To insure minimum reinforcement

check that: ¢M, =1.2M

Source: Naaman (2004,
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T-Section

= In an actual member, the section is rarely a perfect T or | shape - there are
some tapering flanges and fillets. Therefore, we need to idealize the true
section to simplify the analysis. Little accuracy may be lost.

I 120 15 120
| | * I i |
T [ + ]
; in2
a8 . 1,55 .| A=T782in
1=168,868 in 1=170,694 in*
y;=12.81in y:=12.69in
_______ b e
by —
8 8
ACTUAL SECTION
(10ST48) IDEALIZED SECTION
Typical example of actual and idealized T section. Source: Naaman (2004)

= Note that we need this for ultimate strength analysis only. We should use
the true section property for the allowable stress analyses/ designs.
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Part 111: Shear

Principal Stresses

Shear Design Methods

ACI Traditional Design Method

AASHTO Modified Compression Field Theory
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‘ Principal Stresses in Beams

= Recall from Strength of Materials that there are two types of stress in the
beam
o Flexural stress 0 = Mc/I

o Shear Stress T = VQ/Ib

! Load

Reaction !

{8) Flexural and shear st acting on el ts in the shear span. (b) Distribution of
- shear stresses.

148
Source: MacGregor and Wight (2006)

Shear

Parabola

= Elastic shear stress

MR
distribution for various s [sz
sections

Parabaola
hy = (h=y)/2
S B U RN
by | b 1)+ b0

16(0° + DD + DY) -
30 -l

Figure 6.5 Typical shear stress diagrams and maximum shear stresses for various sections,

Principal Stresses in Beams

* The combination of flexural and shear stresses creates principal stresses in
some incline plane
— Principal Compressive Stress
— Principal Tensile Stress

* Principal Compressive and Tensile stresses are always perpendicular to
each other

FAA7777]

£} Principal on in shear span. 150
Source: MacGregor and Wight (2006)

Principal Stresses in Beams

* Since concrete has very
low tensile strength, the
concrete may cracked
under principal tensile | -

strength

(b) Photograph of half of a cracked reinforced concrete beam.

Source: MacGregor and Wight (2005). 151




‘ Principal Stresses in Beams

= In prestressed

)
(0.v)

concrete, there is an
axial force from
prestressing acting on
the section as well

= Effect of axial force is

; \cc G P
< (-=1,0) (v,0)

|
|
i
T Y c YY |(0,~v)

(a) Nonprestressed element at centroid (RC)

to reduce the principal
tensile stress, thus,
increasing the shear
resistance

(b) Prestressed element

Figure 6.3 Mohr’s circle for an element taken along the neutral axis.

Shear Design Methods

= Shear can be designed using whole member design method, such
as STM, or designed for each section.

Shear Design Methods

Whole Member Design

AASHTO ACI

Sectional Design

Modified
Compression
Field Theory

(MCFT)

Traditional
Strut-and-Tie Method
(Empirical)

Strut-and-Tie
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Design Criteria

/ Vu
Ultimate Shear Force

For basic gravity case:

ACl 318-99
1.4(Vp +Vp ) 1.7V

ACI 318-02 and newer
1.2(Vp +Vsp) 1.6V

AASHTO LRFD
1.25(Vpc)*+ 1.5(Vow)* .75V,

< (an —  Nominal Shear Capacity
\ Strength Reduction Factor/
Resistance Factor
For shear:

ACI 318-99
©=0.85

ACI 318-02 and newer
©=0.75

AASHTO LRFD
©=0.90
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Components of Shear Strength

= In sectional design Steel
methods, the shear A
capacity of a section Concrete
comes from concrete, ‘
steel stirrups, and

vertical component of Shear
prestressing force St"T/ngth

n

= The most difficult part
to determine is V.
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Shear - MCFT

The shear resisting mechanism in concrete is actually very complex and
we do not clearly understand how to predict it

AASHTO LRFD (5.8.3) uses new theory, called “modified compression

field theory (MCFT)”

This is based on the experimental results of concrete panel resisting pure

shear and tension

The actual theory has been simplified for use in the code

This theory is a unified theory for concrete structures, applicable to both
PC and RC

Shear - MCFT

In AASHTO’s method, the nominal shear resistance is the sum of shear
strength of concrete, steel (stirrups), and shear force due to prestressing
(vertical component)

V, =V, +V, +V, <0.25f'"_b,d, +V,

Positive when resisting
the applied shear

B Avfydv cotf Strut angle

S T 44 F e —C
' Neutral T
axis

V, =0.083B,/f',b,d,

V,

S

Factor indicating the ability of

diagonally cracked concrete to
transmit tension Figure C5.8.2.9-1 - Jllustration of the Terms b, and d,.

Source:AASHTO (2005)
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Shear - MCFT Shear - MCFT
Effective Shear Depth The value B and O are determined for the following cases
d,-al2 o For nonprestressed sections with no axial tension and having minimum
d, =maxy 0.9d, transverse reinforcement or having depth less than 400 mm
Section of Zero _
0.72h Moment B=20
0 =45°
l l o btk ¥ o For general cases, including prestressed sections, two cases must be

considered

dy

A,

by
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Section containing at least minimum transverse reinforcement
Section containing less than minimum transverse reinforcement
Tables are provided for 3 and 0 values as factors of:
o Average longitudinal strain in concrete, &,
o Ratio of v /f,

o Crack spacing parameter, S,,
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Shear

m If the section has at least minimum transverse reinforcement

M,>V.d

u uYy Axial force, positive if tension
/ /z 0.7f,
M,
Pl 105N, +0.5|V, -V, |cote—A f
d u u P pS’ po
g =" <0.001
2(EA +E,A)

NN

Use only areas in the flexural tension side

Shear

m If the section has less than minimum transverse reinforcement

Mu 2 Vudv Axial force, positive if tension
/ ~0.7f,
/ /
M /
P“|+O.5N +0.5|V, -V, |coto - A,f }
d u u P ps' po
g, =L <0.002
(EA, +E AL)

NN

Use only areas in the flexural tension side

© 2010 | Praveen Chompreda 160 © 2010 | Praveen Chompreda 161
Shear Shear
» If the value calculate from the previous equations was negative,
need to recalculate as: | =y 5040501, -yt
s s = Flexural c
|M | | ............. compression — . — °
u flange
{d+0.5Nu+0.5 v, —Vp|cot9—Apsfpo} e w, Vo
— v E (V, -V )eotl e,
£ = <0.002 " ,“_H é{o/ L‘_ 4 .
2(EcAcf + EsAs + EpsAps ) Flexural g / v, -V,
0.5h tension e ¢
side . va G
\ B Flexural 7“ —
/?:ezfll of se(i.tion ?nly %n ="T :r:nsl;:n % +0.5N, +0.5(V, -V,Jcotd Calculated Strains
the flexural tension side v
(tension flange or the 1 Actual Section |dealized Section External Sectional Forces Forces in Flanges

lower half of the

section) B
| by | Flexural
Tension
Side
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Figure C5.8.3.4.2-3 More Accurate Calculation Procedure for Deiermining ..

Source:AASHTO (2005)
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‘ Shear

flexural

compression zom

e

L3

=1l

‘ Shear

Table 5.8.3.4.2-1 Values of 0} and P for Sections with Transverse Reinforcement.

Minimum of d, or spacing
between longitudinal crack 1 sing <>l s, =d Vu £, X 1,000
control reinforcement J I f
o ol IR =020 | =010 | =-0.05 <0 | =025 | <025 | <050 | <075 | <1.00
/ 35 (8) Member without transverse reinforcement and with <0.075 223 20.4 21.0 21.8 243 | 266 30.5 337 36.4
S _ S < 2000 mm concentrated longitudinal reinforcement 6.32 4.75 4.10 3.75 3.24 2.94 2.59 2.38 2.23
Y6 x TS <0.100 18.1 20.4 214 225 249 | 271 30.8 340 36.7
ag +1 /ﬂ_%_ A,> 0003b,s, 3.79 3.38 3.24 3.14 291 | 275 2.50 2.32 2.18
siné,, i <0.125 19.9 21.9 228 237 259 | 279 314 344 37.0
\ /’ /’ /’ /’ L 318 | 299 294 | 287 274 | 262 242 | 226 | 213
Maximum aggregate b <0.150 21.6 233 242 25.0 269 | 288 32.1 34.9 37.3
size (mm) 4|<, / / zl =1 k] 2.88 2.79 278 2.72 260 | 252 2.36 221 2.08
. <0.175 232 24.7 25.5 26.2 28.0 297 327 35.2 36.8
/S NS/ 2.73 2.66 2.65 2.60 252 | 244 2.28 2.14 1.96
A, A S— R <0.200 247 26.1 26.7 274 290 | 306 328 | 345 36.1
2.63 2.59 2.52 251 243 | 237 2.14 1.94 1.79
®) “J.?ﬁ’&%:&fﬁ%‘&?;m;ﬁﬁmm with <0.225 26.1 27.3 279 285 300 | 308 323 | 340 35.7
2.53 2.45 242 2.40 234 | 214 1.86 1.73 1.64
bl
:‘igure 5.8.3.4.2-3 Definition of Crack Spacing Parameter <0.250 2;29 2229 zg,ln 23:3 ‘;g?l 3 i;.; 1%_8;0 1?:3 1?;;0
- Source:AASHTO (2005)
Source:AASHTO (2005)
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Shear Minimum Transverse Reinforcement
Table 5.8.3.4.2-2 Values of 0 and J for Sections with Less than Minimum Transverse Reinforcement.
— o0 =  We need some transverse reinforcement when the ultimate shear force is
Sy } greater than Y2 of shear strength from concrete and prestressing force
(mm) | <020 | <010 ] <005| <0 | <0125] <025 | <050 | <075 | <1.00 | <1.50 | <2.00
<130 | 254 255 | 259 [264 277 289 30.9 324 | 337 356 372
636 | 606 | 35356 | 515 | 441 | 391 326 | 28| 258 | 221 1.96 Vu > (00_5(VC + Vp)
<250 | 276 276 | 283 293 316 335 36.3 384 | 401 27 | M7
5.78 578 | 538 | 489 405 | 3352 2.88 250 | 223 1.88 1.65
<380 [ 295 295 [ 297 [311 34.1 36.5 39.9 24 | 14 474 | 497 . - . .
5.34 sad | 527 | 473 | 382 | 328 | 264 226 | 201 168 | 146 = If we need it, the minimum = Maximum Spacing
<500 | 312 [ 312 [ 312 [323 [ 360 | 388 | 427 [ 455 | 476 [ 509 | s34 amount shall be a Forv, <0.125f
4.99 4.99 499 | 461 3.65 3.09 246 2.09 1.85 1.52 1.31 u ¢
<750 | 34.1 340 | 341 [342 | 389 | 423 | 469 | s01 [ 526 | 563 | 590 bs Smax = 0.8 d, < 600 mm
4.46 4.46 4.46 443 3.39 2.82 2.19 1.84 1.60 1.30 1.10 A >0.083./f' =~
<1000 | 36.6 366 | 366 |366 412 | 450 50.2 537 | 563 602 | 63.0 v ° f
4.06 406 | 406 | 4.06 320 | 262 2.00 1.66 | 143 1.14 0.95 y a Forv, > 0.125f
<1500 | 408 408 [ 408 | 408 445 | 492 55.1 89 | 618 658 | 686 u ¢
350 | 350 [ 350 | 350 | 292 | 232 1.72 140 | 118 | 092 | 075 Smax = 0-4d, < 300 mm
<2000 | 443 443 443 [#433 ] 471 523 58.7 628 | 65.7 69.7 724
3.10 310 | 310 | 3.10 2.71 2.11 1.52 121 101 0.76 0.62
Source:AASHTO (2005)
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